In this paper we investigate whether the holographic principle proposed in string theory has a classical counterpart in general relativity theory. We show that there is a partial correspondence: at least in the case of vacuum Petrov type D spacetimes that admit a non-trivial Killing tensor, which encompass all the astrophysical black hole spacetimes, there exists a one to one correspondence between gravity in bulk and a two dimensional classical conformal scalar field on a null boundary.
spacetimes. Due to the presence of an extra symmetry in terms of a non-trivial Killing tensor K ab that solves the Killing equation ∇ (a K bc) = 0, there exist an extra symmetry in the wave equation in these spacetimes that allows separation of variables in four dimensional spacetimes [15] . Using this we show that on a null hypersurface the initial data indeed represents a lower dimensional classical conformal field theory.
This classical holography differs from the quantum counterpart firstly in fact that the two dimensional conformal field on the null boundary is a classical scalar field and has Euclidean signature, so for example the idea of a central charge does not arise, and secondly because the spacetime satisfies the vacuum Einstein equations. By the null initial value theorem for general relativity, one can in principle construct an one to one correspondence between this conformal scalar field in the boundary to the properties of gravity in the bulk. This is done in the following way: The Lanczos potentials in general relativity can be treated on the same footing as the electromagnetic potentials. By specifying the Lanczos potentials on a null boundary as an initial data, which we show in this paper to be a lower dimensional conformal classical scalar field, we can determine the potentials in the bulk. Then these potentials can be used to construct the Weyl tensor that contains all the dynamic informations of gravity for a vacuum spacetime.
Another important difference between the usual quantum holography and this classical counterpart is that the necessity of a negative cosmological constant disappears in the classical case considered here. Any vacuum Petrov type D spacetimes that admit a non-trivial Killing tensor will suffice for the existence of this classical correspondence; it will hold for any value of the cosmological constant (positive, negative, or zero).
II. WEYL TENSOR AND LANCZOS POTENTIALS
The Riemann curvature tensor can be decomposed into its irreducible subtensors in the following way [18] 
where we have
The tensor C abcd is the Weyl tensor which satisfies the same algebraic symmetries as the Riemann tensor, namely
Furthermore this tensor is traceless, as any contraction of this tensor vanishes:
The properties (4) and (5) imply that the left dual of this tensor is equal to its right dual:
where η abcd is the 4-dimensional volume element.
Lanczos [13] constructed a tensor L abc of type (0,3), known as the Lanczos tensor, such that the Weyl tensor can be uniquely determined by the covariant differentiation of this tensor field. It has been shown rigorously [16, 18, 21, 22] that this tensor always exists in 4-dimensions. The algebraic properties of this tensor can be summarised in the following way. The tensor is antisymmetric in the first two indices, and furthermore we impose an algebraic gauge choice: 
These conditions are very similar to the antisymmetry conditions of the electromagnetic field tensor. However, even with these algebraic constraints, the tensor L abc has 16 independent components, while the Weyl tensor has only 10.
Hence one has to impose 6 differential gauge conditions in the following way:
With the conditions (7) (8) (9) , the tensor L abc has exactly 10 independent components and one can construct a tensor of type (0,4), with the exact symmetry properties of Weyl tensor and equate that to the Weyl tensor. Hence we have the result [18] 
where the double dual is defined in the usual way * ∇ a L *
The above set of 10 independent equations are known as the Weyl-Lanczos equations. We note that just like the electromagnetic potentials, the Lanczos tensor also has a gauge invariance. Any algebraic gauge transformation of the form
where ξ a is an arbitrary four vector, will leave the Weyl-Lanczos equations unchanged.
We can now introduce the Einstein and Schouten tensors in the usual way:
Using the above two tensors the Bianchi identities
can be reduced to the following divergence equations:
and
Using equation (10) in (17), we get using the Ricci identities and considerable simplifications, the following wave equation for the Lanczos tensor
For vacuum spacetimes, when the Ricci tensor and Ricci scalar vanish identically, we can easily see that each of the 10 independent components of the Lanczos tensor satisfy a massless scalar field equation
Hence the components of the Lanczos tensor can be treated on the same footing as the potentials in the electromagnetic theory in vacuum, and henceforth we will denote these components as the Lanczos potentials.
III. LANCZOS POTENTIALS IN NEWMAN PENROSE FORMALISM
We will use the Newman-Penrose formalism [24, 25] to investigate the field equations in Petroc Type D geometries. We assume that the spacetime is spanned by the Newman Penrose (NP) null tetrad (l a , n a , m a , m a ) . The metric in terms of these tetrads is given by
We can define the directional derivative along each of the tetrad vector fields in the following way:
Also the following are the NP spin coefficients [ [24, 25] ]:
{κ, σ, ν, λ, τ, ρ, π, µ, , γ, α, β} .
We note here that in general the directional derivatives do not commute. The commutation relations can be written as
In the NP formalism the 10 independent components of the Weyl tensor are reduced to 5 complex scalars in the following way:
Similarly we can decompose the Lanczos tensor into 8 complex scalars defined as follows [17] [18] [19] :
We note that these 8 complex scalars are not linearly independent, as we will see from the NP version of the WeylLanczos equations [26] given below :
We can easily see that the differential constraints on the Lanczos potentials {L N } are included in the eight complex Weyl-Lanczos equations. In terms of the NP directional derivatives, the D'Alembertian is defined as [15] 
Therefore the scalar wave equations for all the Lanczos potentials {L N } for a vacuum spacetime can be written as
for N = 0 − 7.
IV. INITIAL DATA ON NULL SURFACES IN VACUUM PETROV TYPE D SPACETIMES
In this section, we develop the initial data required for a unique solution to the wave equation (45) for the Lanczos potentials in a vacuum Petrov type D spacetime that posseses a non-trivial Killing tensor. Once the potentials are known, then we can use equations (36-43) to derive the 5 complex Weyl scalars. Since for the vacuum spacetimes, the Weyl tensor completely determines the dynamics of gravity, hence the solution of (45) for all the linearly independent Lanczos potentials will uniquely determine the 4 dimensional geometry of the spacetime. In particular this will be true on any null surface.
A. Intrinsic metric on a null surface
Since the hypersurface orthogonal to real null vectors l a (or n a ) contains l a (or n a ) as
therefore the projection tensor onto a locally orthogonal space now has to be defined differently. Let us now define the projection tensorh ab , which projects tensors and vectors into the 2-D screen space orthogonal to l a (or n a ) as
Therefore we can writeh
This is the intrinsic metric on a null hypersurface and this tensor projects all the vectors and tensors onto the 2D plane spanned by (m, m). This is the standard geometry for considering the null initial value problem [8] , as it fits well with the formalism just discussed. However we would also like to be able to set the null data on a past or future null cone, so as to connect to the way the holographic principle is sometimes stated in relation to observations. The null cone however represents a problem, because the tetrads become singular at the origin.
The way to handle this is shown in figure 2 : add to the null cone N 1 with vertex point p, here chosen as past directed, a small future directed null cone N 2 . Then data on N 1 ∪ N 2 determines the geometry of the 4-dimensional spacetime on the full past J − (p) of the vertex point p of null cone N 1 by determining the 4-dimensional space time from the initial data on N 1 ∪ N 2 (integrating to the past in the past of N 2 and to the future in the future of N 2 ).
C. Vacuum Petrov Type D Spacetimes
As discussed earlier, we consider vacuum Petrov Type D spacetimes that admit a non-trivial Killing tensor K ab which solves the equation
The Kerr spacetime, and hence as a special case the Schwarzschild spacetime, falls in this category. This is important as this includes all the astrophysical black hole spacetimes. Both Kerr and Schwarzschild spacetimes are axisymmetric which imply that their exist a spacelike Killing vector in the (m, m) subspace. Furthermore both metrics, being stationary, admit a timelike Killing vector in the (l, n) subspace too. In the case of the zero rotation, this directly relates to the Birkhoff's theorem for vacuum LRS-II spacetimes, namely that these spacetimes have an extra timelike Killing vector in the (l, n) subspace [30] . Then we can immediately see that the non-zero spin coefficients, Weyl scalars and Lanczos potentials are not a function of the curve parameters along the integral curves of these Killing vectors. Also being Petrov type D, by the corollary of Goldberg-Sachs theorem [14] , there exist a pair of principal null congruences in these spacetimes that are geodesic and shear free. Hence in these spacetimes the following holds
In these class of spacetimes it is natural to choose one of the real null vector of NP tetrad (l say) , as the tangent to one of the principal congruence. As these are geodesics, we can always make them affinely parametrised:
Furthermore, if we make the chosen tetrad to be parallely propagated along these congruences, then we have
Choice of such tetrad is very convenient for many calculations. Now once we have fixed the vector l, there is an unique and canonical way to choose the other real null direction n [31] . The second null direction is defined geometrically as the unique other null direction in which the covariant derivative of the shear-free geodetic null vector field is proportional to the shear-free geodetic field itself. This implies
Choice of these two vectors (l,n) makes the Lie derivative of one with respect to the other, to be parallel to the shear-free geodetic null vector:
We can always choose the coordinate in l direction, as the affine parameter of the null congruence, (v say). Then the solution of the Ricci identity
is given by
where ρ 0 is the constant of the integration along the congruence and the origin of the coordinate v is fixed by the requirement that ρ 0 is real. Without loss of generality we can always take it to be zero. This implies the spin coefficient ρ is a real function and hence
Using equations (51-58), we get the following
By tetrad rotation we can always make (α + β) vanish [25] , and therefore with this choice of tetrad we have ∇ [b l a] = 0, which imply the vector l is equal to a gradient of an complex function ζ:
Hence we can easily see that both the null vectors l and n are orthogonal to the 2-surface described by the coordinates (ζ, ζ). Because of the relation (55), the other real coordinate u (along the integral curves of n) can always be constrained as follows [31] ∆u = 1 .
However, there remains a freedom of adding any real function of (ζ, ζ) to this definition of u. Therefore the coordinate system thus defined, (v, u, ζ, ζ), covers the stationary vacuum spacetime and the null vectors l and n are tangent to the surfaces of constant (ζ, ζ)).
Due to these symmetry properties of Petrov type D spacetimes, we also have a reduced set of Lanczos potentials in this case [17] [18] [19] :
With the symmetries of vacuum Petrov Type D spacetime, the Weyl-Lanczos equations (36-43) becomes highly simplified and we can write them as two sets of equations. The first set evolves along l a and can be written as,
While the second set evolves along n a and are given by
Now, due to the extra symmetry of the non-trivial Killing tensor in these spacetimes, for the potentials L N = L N (v, u, ζ, ζ) (N = 0 − 3), we can always perform a separation of variables [15] between those of the (l, n) subspace and those of the (m, m) subspace in equation (45) . Thus we can write
D. Initial Data
On the 2D screen space of a null-hypersurface, the wave equation for L N2 (ζ, ζ) reduces to
where N 2 runs from 0 to 3 and K is a constant. This is the 2 D part of a 3 D Laplace equation and the solutions of these are harmonic functions. In the case of a Kerr geometry, these are the spheroidal harmonics which reduce to spherical harmonics in the case of vanishing rotation. Here we recall an important theorem for the n-dimensional Laplace equation [27] :
The symmetries of the n-dimensional Laplace equation are exactly the conformal symmetries of ndimensional Euclidean space.
Therefore any solution of equation (72) (for example the spherical or spheroidal harmonics) are conformally symmetric and these can describe a 2 dimensional conformal Euclidean scalar field on the 2D screen space. Now from equation (45), we can easily see that the equation for L N1 (v, u) on the (l, n) subspace reduces to
which is a two dimensional hyperbolic partial differential equation, and the solution on the whole subspace can be uniquely found by specifying the initial data
Therefore, the complete set of initial data I(S) on a null hypersurface S 1 ≡ (u = u 0 ), required to solve equation (45) is given as
Obviously all the initial data in this set are not independent as they must obey the set of Weyl-Lanczos equations (63-66). Thus among the four potentials only two are needed to be specified on the null hypersurface S 1 ≡ (u = u 0 ). However, once the initial data is specified then that uniquely determine the Weyl scalar in the bulk, Ψ 2 , via equation (68), and hence determine all the dynamical features of the gravity in bulk. Therefore there exist an one to one correspondence between any two the potentials at the null boundary and the non-zero Weyl scalar for type D spacetimes.
Similarly for the null hypersurface S 2 ≡ (v = v 0 ), the required initial data will be
Again in this case only two of the four potentials are independent as the initial data must obey (67-70). Subject to this initial data the Weyl scalar can be uniqely determined via equation (65). In this case too, there exist an one to one correspondence between any two the potentials at the null boundary and the non-zero Weyl scalar.
We can easily see that each element of the above sets of initial data, satisfies the two dimensional part of the Laplace equation (72) for each 2D screen space (v 0 , u 0 ) and hence represent a two dimensional conformal Euclidean field. It is interesting that the conformal Euclidean scalar field lies on a two dimensional surface rather than a three dimensional one. This relates firstly to the fact that the intrinsic metric on any null surface is two dimensional and since we are specifying the initial data on a null surface, that must reside on the 2D screen space; and secondly there are symmetries on the 3-dimensional space (Killing tensors and vectors) that we have exploited in the above derivation. In fact, from our knowledge of quantum thermodynamics of a Schwarzschild or Kerr black holes, this seems quite natural. Even in those cases the black hole entropy depends on the two dimensional surface area of a null event horizon rather than three dimensional volume.
We can now state the holographic principle for general relativity in this case:
General Relativity Holography: On a null hypersurface N in a vacuum Petrov type D spacetime with a non trivial Killing tensor (which describes all the astrophysical black hole spacetimes), the gravitational dynamics of four dimensional general relativity reduces to a classical euclidean conformal field theory in two dimensions for four scalar variables, with data {I(S 1 ), I(S 2 )} determing the 4-dimensional geometry.
That is, this is the conformal initial data on the null surface N that will determine the geometry in the interior because of the existence and uniqueness theorems for the Einstein Field Equations in 4 dimensions. We can regard this as realizing Principles 1 and 2, as stated in Section 1, for the case of classical General Relativity.
V. CONCLUSION
We know in any vacuum spacetime the components of the Lanczos tensor obey massless scalar field equations. If we consider the projection of this equation on the 2D screen space of a null hypersurface in a Kerr or Schwarzschild spacetime, then the Lanczos coefficients on this surface obeys a 2 dimensional Laplace equation, which is well known to be conformally invariant. A conformal field theory is a field theory which is invariant under conformal transformations 1 . Hence at least for black hole exteriors, on a null hypersurface the gravitational dynamics of four dimensions reduce to a Euclidean classical conformal field theory in two dimensions. This is a demonstration of the idea that even in classical general relativity, there exists an onto map from conformally invariant initial data at the null boundary to the dynamics of gravity in the bulk, Of course the inverse mapping does not exist because of the gauge condition (12) . This classical mapping has the great advantage that it will apply also for positive or negative cosmological constants, as well as for a vanishing cosmological constant. This is quite evident as the most general Petrov type D solutions are of Plebanski and Demianski class (with a non-trivial Killing tensor) [25] , and the cosmological constant is just a parameter in this class of the metrics.
We would like to emphasise here that our analysis is true for four dimensional spacetimes only. In higher dimensions, existence of the Lanczos tensor is not guaranteed and furthermore spacetimes admitting a non-trivial Killing tensor do not always imply separation of variables in the scalar wave equation.
The extension to matter would presumably demand that the matter field added obeyed a conformal symmetry. Thus this result might extend to the case of a Maxwell field as a matter source term. Whether it holds for geometries with less symmetry is a matter for future investigation. Although the Lanczos equations are defined for general 4D spacetimes, one has to look carefully at the necessary conditions for the null initial data to have conformal symmetries.
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